Sufficient conditions on the function / were given in [2, 5] to guarantee that / is uniquely determined by the means s n {f, 1), and in [3] both positive and negative results were given for the case 0 < δ < 1. The annulus case was also studied in [4] . In this paper we study a related problem for an unbounded interval.
Let A be a set of real numbers and F be a class of complexvalued functions defined on the real line R such that for each feF, the infinite series S(x f f) = Σ~= 1 f(kx) converges for every nonzero xeA.
If Oe A, we denote S(0, /) = /(0). We study various sets A and various function classes F such that each feF is uniquely determined by the sums S(x, f) where xeA.
Some examples will be given to show that in general A cannot be too small. 2* Results for entire functions* We start with a fairly small function class. For r > 0, let PW(rπ, 1) be the class of all entire functions f(z) of exponential type at most rπ such that f(x) e U{R) and that for some p > 1, f(nfr) = 0([ ^ [-^) for n = ±1, ±2, . Let Z be the set of all integers. We have the following theorem of the Carlson type. THEOREM 
Every function f in PW(π, 1) is uniquely determined by the sequence S(n, f) where ne Z.
We remark that the above result is in a sense sharp in that every S( n , f)j ne Z, is needed to determine /. Let μ(n) denote the Mobius function (cf. [8] ), that is,
We can determine the functions f n in the above lemma explicitly as in the following LEMMA 2.
/o(s) = -^^ , and for n -1, 2, , πz d)™**®, and for n^-1,-2,-,
Of course, at the removable singular points these functions are defined so that they are entire. It is then clear that they are in the class PW(π, 1). By using the equations n k it is not difficult to show that they satisfy the relations S(m, f n ) = o m>n for all m, ne Z. Finally, the uniqueness result in Theorem 1 guarantees that they must be the functions in Lemma 1. By using this sequence of functions f n , we can actually construct each function / G PW(π, 1) from the corresponding sequence S(n, /), neZ, as in the following THEOREM 2. Let f e PW(π, 1). Then
where the infinite series converges uniformly on each horizontal strip (Im^l <; K < oo of the complex plane.
To prove Theorem 1, we let fe PW(π, 1) such that S{m, /) = 0
Σ f(km) = 0 and Σ /(-Am) = 0 for all m = 1, 2, .... Since f(n) = 0(l/|wΓ) for some p > 1 and n = ±1, ±2, .-., these infinite series converge absolutely. As in [2] we multiply μ(m) to the first series in (2) and sum it from 1 to N to obtain (-π, π) . Since /(ft) = 0 for all fteZ, all the Fourier coefficients of g vanish, so that g = 0 a.e., or / is the zero function. This completes the proof of Theorem 1.
To prove Theorem 2, we let K be any positive number, and by a Phragmen-Lindelof theorem, we note that
Let fePW(π, 1). Then f(n) = O(\n\~v) for some p>l as Hence, for ^ = ±1, ±2,
, so that the series converges uniformly on every horizontal strip | Im z | ^ K < °o to an entire function /*(»)-Next, we consider the sequence By the same estimate as above and by the Weierstrass M-test, the series Σ*=i 9*(t) converges uniformly to a continuous function
Therefore, we have f*(z) -Γ e"'
J -7Γ
By the Paley-Wiener theorem (cf. [1] , p. 103) we can conclude that /* is an entire function of exponential type at most π and belongs to L 2 (R) on the real axis. For positive integers n, it is not difficult to show that
I/*(*)! = Σ μ(-)SQc 9 f) μ(k)S(kn, f)
This also holds for negative integers n. That is, we have proved that /* G PW{π, 1). Now, since S(n, /*) -ΣΓ«-.S(fc, /)S(π, /*) -S(w, /) for all n e Z, we have / = /* by Theorem 1, and thus, the proof of Theorem 2 is completed.
3* Examples and counterexamples* In this section we will present some examples which will be used to indicate the sharpness of results to follow. The first proposition deals with entire functions of exponential type. PROPOSITION 
If A is bounded above we obtain Finally we show that A may contain an interval about the origin and also be unbounded or A may be a neighborhood of infinity and contain a sequence converging to zero. Let S be the space of complexvalued functions / which are in C°° and for any n > 0, | fix) \ \ x \ n = 0(1) as I x I -• oo, and let Z + be the set of positive integers. We have We turn now to the proof of Proposition 1. Actually Proposition 1 requires little work since it can be seen that this is just a restatement of Theorem 1 and Lemma 1 with a change of variable. The important point in Proposition 1 is that as A = r~xZ becomes larger, i.e., r gets larger, the sums characterize a larger function class.
Proposition 2 is clear since all the sums vanish identically. We will soon show that this proposition is in a sense dual to Proposition 3. The duality is due to the Poisson summation formula. Let / e &(R + ) and following [10] define f e the cosine transform of / to be f c (t) = JΆ \ f(x) cos xt dx .
If /, in addition, is continuous and {fina)}~= ΰ e I 1 for a > 0 then Thus, if we wish to recapture a large class of functions from their sums we must have a set A which is unbounded and contains a sequence converging to 0. Proposition 4 shows that we even need much more than that. Let / have a cosine transform f c which is in C°° and has compact support in (0, 4π) (hence f c eS). ) and x > 0. We have the following result.
set of functionals {S(x, •): xe A) is total over W 1Λ (R + ) if and only if the sequence {Lj} is unbounded.
If the Li are bounded above, then Proposition 3 tells us that {S(x, -):xeA} is not total. The converse is a bit more difficult. Suppose {LJ|Li is unbounded, and suppose / is in W lι {R + ) and satisfies S(x, /) = 0 for all x e A. We must show that / = 0. We first observe that \ / = 0. Indeed, for any h > 0 we have
JR+ f(t)dt -hS(h, f)
Let {hj} be a sequence in A with hj -• 0. Setting h = hj in (4) yields the result. Let v(t) be the "saw-toothed" function defined by
For any a? e A, x Φ 0, and / as above, we have as in [5] ( 
Jo
But this means that the Fourier sine transform of /' vanishes at all the points 2π/x, xeA. Since this set is dense on R + and f'eL ι {R+) we conclude that /' = 0. Hence, / = 0 which was to be shown.
It is interesting to note the algebraic nature of the set A in As seen in the proof of Theorem 1, this system has only the trivial solution, hence f(x) -0 for all x e A = (δ, oo). This lemma is remarkable in that very few restrictions were put on the functions /. In fact, / may be nonmeasurable. Of course, as a corollary we obtain COROLLARY 1. // / is as in Lemma 3 and f is continuous, then S(x,f) ,xeA, uniquely determines f on (δ, oo) where A need only be a dense subset of (δ, oo) satisfying kAaA for all keZ + .
In all the above results of this section we have needed the density of the determining set A' Suppose S(x, f) = 0,xeA.
Then by Lemma 3 we know that (supp/) c[0, δ 2 ]. Let, as before, f c be the cosine transform of /. Due to the regularity of / we see that f c also satisfies the hypotheses of Lemma 3. Furthermore, the Poisson summation formula yields 0 = S(x, f) = SΆ fλ \ x / for all x e (0, S x ). Lemma 3 then implies that f c vanishes identically in (2π/δ lf oo). But f c is entire so f ΰ = 0. Thus /= 0 which was to be proved.
Comparing Lemma 4 to Proposition 4 it is clear that the hypotheses can be relaxed only slightly since the functions in Proposition 4 can be chosen to satisfy the hypotheses of Theorem 4. We do have the following THEOREM 4. Let f be as in Lemma 4, and for δ > 0 let (6) A-(δ, c«){j{2δ/k:keZ + } .
Then f is uniquely determined by the sums S(x, f), xe A.
As usual we assume that S(x, f) = 0, x e A, and conclude by Lemma 3 that (supp/) c [0, δ] . It follows that f c is entire of exponential type at most δ. By the Poisson summation formula We finally remark that by Proposition 4 the set A in (6) cannot be replaced by However, if we assume in addition / e C°° we can replace A in (6) The Supporting Institutions listed above contribute to the cost of publication of this Journal, but they are not owners or publishers and have no responsibility for its content or policies.
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